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Introduction

Hellenic Mist

Hi everyone! Thanks for making it

My name is Demetri and I am co-president and 5th year PhD
student in statistics. In store for today are hijinks,
shenanigans, laughs, tears, and some difficult conversations!

Please sign in

Thanks to Andrew Herren and Richard Hahn, reading their
discussions about synthetic controls was very helpful
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Terminology

Hellenic Mist

Y is an outcome, D is a treatment indicator (did a policy get
enacted in that state or not etc.)

Our focus is on the panel data setting

From wikipedia, “In statistics and econometrics, panel data
and longitudinal are both multi-dimensional data involving
measurements over time. Panel data is a subset of longitudinal
data where observations are for the same subjects each time.”

“Time series and cross-sectional data can be thought of as
special cases of panel data that are in one dimension only (one
panel member or individual for the former, one time point for
the latter).”
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Difference in Difference

Hellenic Mist

One of the seminal papers is Card and Krueger 1994, see [1],
which studied the effect of minimum wage increase on
employment by studying the impact on fast-food employment in
neighboring New Jersey and Pennsylvania. New Jersey recently
had raised their minimum wage, whereas Pennsylvania did not,
so including Pennsylvania as a control and assuming parallel
trends
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Formalizing

Hellenic Mist

We can formalize the model as

Yit = α+ βiDi + γti + δ(Di · ti) + εit

where α is a constant describing the mean of the outcome in the
pre-intervention units across both groups, γ represents the
difference in control group between pre and post time periods, β
represents the difference in control and treated group in the
pre-treatment period, and δ is the average treatment effect on
the treated.

Working out the regression coefficients yields

δ =
[
E(Y | D = 1, post)− E(Y | D = 1, pre)

]
−
[
E(Y | D = 0, post)− E(Y | D = 0, pre)

]
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Difference in Difference

Hellenic Mist

Assume parallel trends, i.e.

E
(
Y 0
t − Y 0

t−1 | D = 1
)
= E

(
Y 0
t − Y 0

t−1 | D = 0
)

The units prior to treatment, in both the treatment and the
control, follow the same trend. Strong and untestable
assumption!

0 t

Y

Intervention

PostPre

δ = (B −A)− (B′ −A′)

A

B

B′, A′
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Easier to Visualize Picture

Hellenic Mist

The difference in difference framework comes from a model, but
is nested on a very strong assumption.
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Synthetic Controls: The idea

Hellenic Mist

Synthetic Controls are similar to difference in difference
estimators, but the control group is estimated differently

Have been around since 2003, with the three seminal papers
being: [2],[3], [4]

As some might say, it is “one of the most influential ideas of
the last 15 years” in observational data treatment effect
estimation

Widely used in academic circles, but also industry and
government.
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Formalizing the Model

Hellenic Mist

In potential outcome framework:

Yit =

{
Y 0
it if Di = 0 or t ≤ T0

Y 1
it if Di = 1 and t > T0

In this framework, Yit = DiY
1
it + (1−Di)Y

0
it. Further, define:

Y11 Y12 . . . Y1T0 Y1T

Y21 Y22 . . . Y2T0 Y2T

...
...

YN1 YN2 . . . YNT0 YNT

 =


X11 X12 . . . X1T0 Y1

X21 X22 . . . X2T0 Y2

...
...

XN1 XN2 . . . XNT0 YN


Which we re-write as: (

X1· Y1

X0· Y0

)
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Re-Write

Hellenic Mist

That notation is confusing and gets even more confusing when we
talk about auxillary covariates, which we typically think of as being
denoted by X. So let’s re-write it as:

X0· −→ Ypre, control

X1· −→ Ypre, treat

Y0· −→ Y 0
post, control

Y1· −→ Y 1
post, treat

We observe Y 1
post, treat and want to estimate Y 0

post, treat. The
difference will be interpreted as the effect of the treatment.

Following the syntax of [5], we write
Y obs =

{
Y 0

pre, treat,Y
0
pre, control,Y

0
post, control

}
and

Y mis = Y 0
post,treat.
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Creating the Synthetic Control

Hellenic Mist

Take weighted sum of the control units in the pre-intervention
period, i.e.:

Ŷ 0
1t = w1 +

N∑
i=2

wiYit

for t ∈ Pre-intervention. Impose convex hull restraint, i.e. for
w = {w1, . . . , wN}T

w ∈ Wconv =

w : w1 = 0, w2 ≥, . . . , wN ≥ 0, and
N∑
i=2

wi = 1


Minimize:

argmin
w

∥∥∥Y 0
pre, treat − Y 0

pre, controlw
∥∥∥

That is:(
Y 0

pre, treat
∑N

i∈control wiYpre, control

)T
V
(
Y 0

pre, treat −
∑N

i∈control wiYpre, control

)
subject to w ∈ Wconv where V is a positive definite matrix.
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What about other Covariates

Hellenic Mist

The SCM allows for other covariates to be “stapled on”

Essentially, for each unit (state) we have T units, then we
include the vector of auxillary covariates at the end. If we
have p of these, we take the average over time and add these p
covariates to the state outcome vector

Therefore, we must average over the auxillary covariates over
time.
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Model Assumptions

Hellenic Mist

For now, we assume we have just one treated unit

There is no intercept term in the calculation of the weights

The weights sum up to 1

The weights are non-negative

Can think of DiD as having an intercept term but all weights
are 1/Ncontrol Further, it is necessitated in the model that the
relation between the “donors” and the treated unit stays the
same in the entire post-treatment period
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Limitations of Time Stagnant Covariates

Hellenic Mist

As a motivating example, imagine Connecticut passed a
tourism law in May 2021. We conduct a SCM analysis, with
the weights of donor states being 25% New York, 20%
Massachusetts, and 55% New Hampshire. However, an
unusual bombogenesis hit Connecticut in October 2021,
throwing a wrench in the tourism season, though it weaked
substantially before hitting Massachusetts and New
Hampshire. In this contrived example, the SCM would likely
place all the fall in tourism on the law, when in fact it was not
the case!

Not a huge deal, but feels a little dis-satisfying that a method
that is clearly time dependent cannot account for something
like this, as it is certainly plausible

14/46



Overview and
Notation

Panel Data
Tools
Difference in
Difference
Synthetic
Controls
Simulation

Application
An attempt at
a Legit
Problem
Fake Real Data

Conclusions
Experimental
Case

References

This is a little Odd

Hellenic Mist

So the SCM actually ASSUMES there exists a set of weights
for the control potential outcome of the treated unit! That is,
with weights being denoted by wi for unit (or state) i, [6]
pretty good overview...

µ0 =
∑

i∈donor

wiµi

Yit =

{
Y 0
it = µT

0 λt + ε0t when t ≤ T0
Y 1
it = Y 0

it + βt when t > T0

Notice,the treated unit’s “0” potential outcome then is defined
entirely in terms of the other observed outcomes of the other
units...weird

Essentially, the outcomes are described by some unobserved
variables
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I Think I See what You’re Getting At

Hellenic Mist

The issue isn’t really the estimator (which much research
focuses on), but really with the estimand, or lack thereof!

The idea is slightly odd, because we need the other units
outcomes (or a combination of them more specifically) to
account for all the unobserved confounding

How do we even simulate from a synthetic control model? We
should at least know it works in the best-case data generating
process, and then break it from there
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Okay...so what’s the point?

Hellenic Mist

In a lot of practical applications, the general model is
probably not unreasonable

The interpret-ability is cool and allows for nice applications

Panel data is super common and of a lot interest, particularly
with respect to policy decisions
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Fine, I Buy it
For now...

Hellenic Mist

So perhaps the general idea is a little “silly” as some might
say, how are synthetic controls used in practice?

There is active in research in relaxing restrictions. Dropping
the no intercept[7], the convexity restraint[8], performing
regression adjustments ([9], [10], suggested in[8]), using a
Gaussian Process to model the SCM [5], how to account for
multiple treated units[11], how to account for time varying
treatments, staggered adoption, how to pool estimates, and
work on confidence intervals for estimates
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Gaussian Processes, you say?

Hellenic Mist

[5] represent the SCM weighting in terms of a (multi unit)
Gaussian process.

This is a natural analogue and a nice way to think about the
problem by explicitly modeling time and unit effects in the
covariance, alongside some of the benefits that come with
Gaussian Processes (such as uncertainty estimates)
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Wait slow down guy, whats a Gaussian Process

Hellenic Mist

A Gaussian Process is a set of random variables whose joint
distribution is multivariate normal

Gaussian Processes have several nice properties, such as
ensuring interactions between every point and guarantee
smoothness.

However, the computation is intensive because of matrix
inversions, and we have to specify the covariance kernel!

BUT...we can make pretty plots
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Gaussian Process Prior

Hellenic Mist

GP

(
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`
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See, nice looking
Demetri’s Walking Data

Hellenic Mist

June 1, 2022 to September 15, 2022. “Trained” on weekend data
with squared exponential kernel with maximum likelihood
estimation for sill, nugget, and range. Another nice pic
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Back to Business

Hellenic Mist

[5] stipulate the following model:

Y 0
it = fit + εit

f ∼ GP (0, k)
εit

iid∼ N(0, σ2)

where f = (f11, . . . , fNT ). The kernel is decomposed into
separable unit and time kernels, meaning (with i denoting
unit and t denoting time)

k
(
(i, t), (i′, t′)

)
= kunit(i, i

′)× ktime(t, t
′) (1)

This assumption implies that the covariance across units is
constant over time and time covariance is constant across
units.
Over-parameterized, use Bayesian model to reduce rank of
unit covariance
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More Details of GP SCM

Hellenic Mist

With the separable kernel structure and reduced rank structure
of the unit covariance, multi-unit (treated+control units) GP
synthetic control analog can be written as:(

Y mis

Y obs

)
∼ N

[(
0
0

)
,

(
Kmis Kmis, obs
Kobs,mis Kobs

)
+ σ2I

]

Since GP’s are jointly multivariate normal, we note that the
posterior mean and covariance are:

µ =Kmis,obs

(
Kobs + σ2I

)−1
(Y obs)

Σ =
(
Kmis + σ2I

)
−Kmis,obs

(
Kobs + σ2I

)−1
(Kobs,mis)

24/46



Overview and
Notation

Panel Data
Tools
Difference in
Difference
Synthetic
Controls
Simulation

Application
An attempt at
a Legit
Problem
Fake Real Data

Conclusions
Experimental
Case

References

Flawed Attempt at a “2-stage GP-SCM”

Hellenic Mist

Run BART on all observations of DGP with time varying
treatment effect aliasing covariates, then do a (horizontally)
stacked GP regression on the residuals with all the control pre
units to get Y 0

post,treat. Subtract from observed Y 1
post,treat

Works fine for one treated unit...However need seperable time
and unit kernels for multiple treated units!
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Simulation
Show False Treatment Effect

Hellenic Mist

Scenario where we are entirely in the convex hull in the
pre-treatment time setting, but are not in the post-treatment, even
w/o a treatment effect. We have 25 control units, 1 treated, 40 time
units, and a treatment that takes place at the 22nd time unit. The
controls are all drawn standard normal. The treated unit is:

Y control
it = sort

[
N(0, 1)

]
Y treatment
1t =

[
(2.5/40) ∗ t+ 0.75

]
∗mean(Y control

it )
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Simulation: Result

Hellenic Mist

These data look like typical SCM data, but knowing the DGP
we know it will be ill-suited. However, there isn’t really any of
this stress testing done because the method is defined in terms
of the estimator
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Applications

Hellenic Mist

My favorite! Where are these used!

Synthetic controls have been used to study right-to-carry laws
[12], legalized prostitution [13], corporate political connections
[14], Basque terrorism,[2] cigarette taxes[3], West Germany
reunification [4], minimum wage increases[15], [16], Kansas tax
cuts[7], firearm removal [5], and many more.

We will study the effect of legalizing marijuana on personal
expenditure per capita

Also have GDP data, but we do not look at this. Don’t look
post 2020, as COVID would for sure violate the lack of
time-based covariates aliasing the treatment effect! Especially
given the politics of it!
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Marijuana Legalization

Hellenic Mist

We study the effect of marijuana legalization in Colorado.
Look at 2002 to 2019, and don’t include other states that fully
legalized between 2012 and 2019
Also, we do not include any auxillary covariates, and do not
drop the convex hull restraint (non-negativity and weights
summing to 1) (for the time being)
Is this even well motivated...ehhh?
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Do these Weights Make Sense?
Using the traditional SCM estimator
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We get Colorado as 10.4% Ohio, 21.4% Utah, 28.8% Missouri,
24.1% Georgia, 15.4% Connecticut, with ATT=$1,878. The
ATT the sum of the effects over each year divided by the
number of post-intervention time points.
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Using the Augmented Synthetic Control Method

Hellenic Mist

Now, we use the augmented synthetic control method and add
the log of a states population as an auxiliary covariate.
ATT=$2,035 Looks about the same!
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Fun Example

Hellenic Mist

This is a FAKE example

Imagine we measure Sam, Antonio, Andrew, and Demetri’s
sleep hours in 2021 and 2022. These are all friends and
graduate students and avid GSC members

In March of 2022, Sam decided to start taking melatonin to
see if it helped her sleep totals. In a sense, this situation is a
natural experiment.

The data is presented here in this Flourish App

So, how would we analyse this situation?
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Approach 1
Regression Adjustment

Hellenic Mist

Say D indicates whether or not a treatment was taken, Y is
sleep hours, and X indicates a matrix of observed covariates,
and U indicates a set of unobserved variables

Melatonin
D

Observed Covariates
X

Unobserved
U

Sleep Hours
YCausality?

Controlling for X, and hoping there isn’t anything in U means
we can estimate the treatment effect of melatonin on sleep!
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The Synthetic Control Approach
Well the picture was an effort...

Hellenic Mist

Because we only have 1 treated unit (Sam), this approach
doesn’t really work...so people tend to look at synthetic
controls as the next step
The synthetic control model stipulates Sam’s sleep patterns
depend on some underlying, unobserved variable (or set of
variables).
What’s odd, however, is that we assume that this variable can
be found by some weighted combination of Antonio, Andrew,
and Demetri’s sleep patterns
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Pic 1
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Pic 2

Hellenic Mist
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Pic 3

Hellenic Mist
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The perils of the Screenshot

Hellenic Mist
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Conclusions

Hellenic Mist

A nifty idea that’s cool in practice, but a little underwhelming
from a methodological standpoint

Still active work on improving the estimator and expanding
use cases

Figure: Thank you Sam!
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